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Introduction
In this paper, we are concerned with spreading properties of the solutions of reactiondiffusion equations of the type
in slowly oscillating periodic media. That is, we assume that
for all x ∈ R N and s ≥ 0, where the diffusion, drift and reaction coefficients a = (a ij ) 1≤i,j≤N : R N → S N (R), b = (b i ) 1≤i≤N : R N → R N and f (·, s) : R N → R are 1-periodic, for short, that is they are 1-periodic in all variables x 1 , . . . , x N . The notation S N (R) stands for the set of N × N symmetric matrices with real entries. We establish asymptotic limits as L → +∞ of some fundamental spreading quantities associated with the large-time behavior of the nonnegative solutions. Throughout the paper, the function f is assumed to be such that f (x, 0) = 0 (2) for all x ∈ R N , that is 0 is a steady state for equation (1) . Under some conditions to be detailed later, the state 0 will be unstable and equation (1) also admits a unique positive stable steady state. One of the main questions addressed in this paper is to know at which speed the positive steady state invades the state 0 when the underlying medium is slowly varying, that is when L is large.
In homogeneous media, the study of the spreading properties of such equations has begun with the pioneering papers by Fisher [15] and Kolmogorov, Petrovsky and Piskunov [28] in dimension 1, and later by Aronson and Weinberger [1] in any dimension. Since then, these equations have found applications in various domains such as combustion [42, 43] and population ecology [38, 40] . But since the environment is generally far from being homogeneous, it is therefore natural to try to understand the effects of the spatial heterogeneities on the spreading properties of the solutions of equations of the type (1) . This issue has been investigated in a recent but large literature, in periodic media (see e.g. [6, 16, 17, 18, 30, 41] for nonnegative and compactly supported initial conditions, see also [31, 34, 41] for front-like initial data), in random stationary ergodic environments (see [18, 29, 36, 37] ), as well as in general heterogeneous media (see [5, 6, 8, 10] ).
The spreading speeds of invasion of the steady state 0 are characterized as follows. Assuming that all terms in (1) are L-periodic in x and that the reaction term is differentiable with respect to its second variable at 0 and satisfies the KPP assumption
and under further assumptions on a L , b L and f L (see the comment before Proposition 2.1 below), it is known [6, 16, 41] that, given any nonzero compactly supported and nonnegative initial condition u 0 (x) and given any direction e of the unit sphere S N −1 , the solution u(t, x) of the Cauchy problem (1) with initial condition u 0 propagates in the direction e with a positive spreading speed w * L (e) > 0 in the sense that   When problem (1) admits a (unique) positive periodic steady state p L , the spreading speed w * L (e) in a given direction e can be expressed in terms of the minimal speeds of pulsating fronts connecting 0 to p L and propagating in the directions having a positive inner product with e, see [6, 41] . In the particular one-dimensional case, the spreading speeds in the directions +1 and -1 are then equal to the minimal speeds of pulsating fronts connecting 0 to p L and propagating in these directions. For further existence, uniqueness and stability results of KPP pulsating fronts in one-dimensional or higher-dimensional periodic media, we refer to [4, 7, 9, 20, 22, 31, 34] . On the one hand, the homogenization limit of rapidly oscillating media, corresponding to small values of L, has been well studied. In this case, an explicit formula has been established for w * 0 (±1) = lim L→0 w * L (±1) when N = 1 and the drift b is constant, or more generally when b is divergence-free in higher dimensions [12, 26, 33] (see also [11, 23, 24] for other nonlinearities). The dependence of the spreading speed with respect to the parameter L has also been studied and it is also known that, for all directions e, the spreading speeds w * L (e) are nondecreasing with respect to L, when b is divergence-free (see [33] and numerical results in [27, 40] ).
On the other hand, for equations of the type (1) with KPP nonlinearities f L , the question of the asymptotics of the spreading speeds w * L (e) in slowly oscillating media, that is as L → +∞, had only been investigated in a recent work [21] , in the one-dimensional case, for constant values of a L and spatially piecewise-constant reaction terms f L . In the general heterogeneous framework investigated here, proving the existence of a limit for the spreading speeds w * L (e) and obtaining a formula for w * ∞ (e) := lim L→∞ w * L (e) in any direction e was still an open problem. This question is solved in the present paper. Furthermore, in the one-dimensional case, we prove a formula for w * ∞ (±1), which is expressed in terms of some integral quantities involving the underlying coefficients.
To our knowledge, apart from the above-mentioned reference [21] , comparable problems have only been studied in some papers by Freidlin [17] and Evans and Souganidis [14] . These papers were concerned with the limiting Cauchy problems obtained after rescaling, when the space and time variables are of order L and when the period L becomes infinitely large. However, the representation formula they provided for the limiting spreading speeds w * L (e), based on game theory techniques, is quite complicated (we also refer to [19, 43] for spreading properties of bistable equations in slowly oscillating media).
As a matter of fact, our new results about the limiting spreading speeds have interesting consequences regarding the effects of spatial heterogeneities. Firstly, when the functions L → w * L (e) are non-decreasing -this is true if b is divergence-free [33]-the limiting spreading speeds w * ∞ (e) provide upper bounds for the spreading speeds w * L (e) in L-periodic media, which are more precise than earlier results given in [7] , and the quantities w * ∞ (e) − w * 0 (e) give a measure of the maximal effect of the medium oscillations. Secondly, the formula for w * ∞ (e) which we prove in this paper for general equations (1) sheds light on the effect of diffusion compared to that of reaction in heterogeneous media. Namely, it shows that the spreading speeds can be more sensitive to perturbations of the diffusion coefficient than to perturbations of the reaction term. Thirdly, spreading properties of equation (1) in slowly oscillating media are related to the spreading properties of this equation in the limit of large reaction terms. We obtain the exact asymptotics of the spreading speeds in periodic media with large amplitude reaction terms as a by-product of our formula for w * ∞ (e).
To obtain this formula for w * ∞ (e), we use the variational characterization which was first derived in [18] and later generalized in [6, 41] in more general media, that is
where, for λ ∈ R N , k L (λ) denotes the periodic principal eigenvalue of an elliptic operator defined below. The core of our proof relies on a viscosity solution method together with several qualitative and quantitative properties of the function (λ, L) → k L (λ).
Hypotheses and main results

Assumptions
Before stating our main results, let us make more precise the assumptions and notations used throughout this paper. One is given a symmetric matrix field a = (a ij ) 1≤i,j≤N of class W 1,∞ (R N ; S N (R)) (in particular, the coefficients a ij can be assumed to be continuous), a continuous advection field b : R N → R N and a continuous growth term c :
The case when the coefficients are L i -periodic with respect to each variable x i , with L i > 0, can be reduced to the above assumption (5) , after rescaling the variables. Throughout the paper, we assume that the matrices a(x) are uniformly positive definite, that is, there exists ν > 0 such that
in the sense of symmetric matrices, where I N denotes the identity matrix of size N × N.
We also assume that
where, for any vectors ξ = (ξ 1 , . . . , ξ N ) and ξ ′ = (ξ ′ 1 , . . . , ξ ′ N ) in R N and any symmetric matrix A = (A ij ) 1≤i,j≤N , the quantity ξAξ ′ denotes
This last condition (7) will guarantee the linear unstability of the zero state and the existence and positivity of the spreading speeds in slowly oscillating media, as defined below (see Proposition 2.1). Notice in particular that, if b = 0 in R N , then condition (7) is fulfilled if and only if max R N c > 0. For any L > 0, we define the L-periodic rescaled coefficients a L , b L and c L by:
Then, because of (5-6), there exists, for each λ ∈ R N and L > 0, a periodic principal eigenvalue k L (λ) which is uniquely defined by the existence of a function
see e.g. [39] . The maps λ → k L (λ) are known to be convex (see [4] ).
For any L > 0 and any unit direction e ∈ S N −1 , we then define
In this general setting, the quantities w * L (e) defined in formula (9) are a priori not directly associated with an equation of the type (1) and with some spreading speeds in the sense of (4). However, the numbers w * L (e) can really be viewed as spreading speeds under some reasonable assumptions that we give now. Namely, in addition to (5) (6) , assume here that
is continuous, 1-periodic in x, that c := ∂f ∂s (·, 0) is continuous and that f satisfies (2) and (3). If k L (λ) > 0 for all λ ∈ R N , then the following holds: for any nonzero, nonnegative and compactly supported function u 0 ∈ L ∞ (R N ), the solution u of (1) with initial datum u 0 propagates in the sense of (4) with the spreading speed w * L (e) > 0 given by formula (9), in any direction e ∈ S N −1 , see [6, 41] . This is why we always say in this paper that the quantities w * L (e) represent the spreading speeds of the solutions of some reaction-diffusionadvection equations of the type (1).
The following proposition ensures that the aforementioned positivity condition on the real numbers k L (λ) and the positivity of the spreading speeds w * L (e) are fulfilled, at least when L is large enough. Proposition 2.1 Under the above assumptions (5-7), there is L 0 > 0 such that, for all L ≥ L 0 , there holds min λ∈R N k L (λ) > 0 and, for any direction e ∈ S N −1 , the infimum in (9) is reached and positive.
Convergence of the speed when L → +∞ and computation of the limit in dimension 1
When b is divergence-free, the functions L → k L (λ) are nondecreasing (see [33] ), whence the limit w * ∞ (e) := lim L→∞ w * L (e) is well-defined in R for any direction e. In the general case considered here, the main goal of the present work is twofold: firstly, proving the existence of the limit lim L→∞ w * L (e) and, secondly, computing this limiting value. This is the purpose of the following theorems. -7), for any unit vector e ∈ S N −1 , the limit w * ∞ (e) = lim L→+∞ w * L (e) exists and is a positive real number. Furthermore,
where the function k ∞ : R N → R is defined in Proposition 3.1 below.
In dimension N = 1, the quantities k ∞ (λ) can be given in terms of explicit integrals involving the underlying coefficients. 
where the functions j ± :
for all k ≥ M. 1
In particular, in dimension N = 1, when a = 1 and b = 0, we get
and (11) corresponds to the formula conjectured by Hamel, Fayard and Roques in [21] . Note that, in that case, and when c is a step function, it has been shown in [21] that (11) leads to an even more explicit formula. More generally speaking, it is noteworthy that formula (11) allows for easy numerical computations of the (equal) limiting spreading speeds w * ∞ (±1). We conjecture that Theorem 2.2 can be extended to the case of space-time periodic coefficients. Assume that a = a(t, x), b = b(t, x) and f = f (t, x, s) are 1-periodic with respect to t and x, and consider the equation
with slow variations in space and in time
The existence of pulsating traveling fronts for equation (13) has been proved by Nolen, Rudd and Xin [34] when f and a do not depend on (t, x), f (0) = f (1) = 0, f (s) > 0 if s ∈ (0, 1) and b is incompressible. This result has been extended by the second author [31] when a and f are space-time periodic and b is a general space-time periodic vector field. When f satisfies the KPP assumption of the type (3) with time-dependence, the first two authors, together with Berestycki, proved in [6] the existence of a spreading speed w * L (e) associated with (13) so that (4) holds. A formula like (9) still holds, except that k L (λ) is not associated with an elliptic operator anymore but with a parabolic operator with time periodicity conditions (see [6] ). Then, it should be possible to extend the result of Theorem 2.2 and Proposition 3.1 below, but now k ∞ (λ) is uniquely defined by the existence of a space-time periodic viscosity solution Z ∈ C 0 (R × R N ) of
The dependence of k L (λ) and k ∞ (λ) with respect to the coefficients (a, b, c) is a topical subject (see [32, 35] for a few results concerning k L (λ)). Nolen and Xin conjectured in [35] that temporal variations should slow down the propagation. This is still an open question. A partial answer is given by our result together with numerical simulations carried out by Khouider, Bourlioux and Majda [25] , who observed that when a = I N , c does not depend on (t, x) and b(t, x 1 , x 2 , ..., x N ) = b(ωt, x 2 , ..., x N )e 1 is a shear flow in the direction e 1 = (1, 0, . . . , 0) with temporal frequency ω, then the spreading speed w * ∞ (e 1 ) is decreasing with respect to ω.
The case of homogeneous reaction terms with no advection
In another particular case, we immediately get a simpler formula for w * ∞ (±1) in dimension N = 1. 
where
denotes the harmonic mean of √ a.
Notice that, under the conditions of Corollary 2.4, it is also known that
see [12] . More generally speaking, if the arithmetic mean <c> A = 1 0 c(x) dx is positive, Observe now that, because of Cauchy-Schwarz inequality, the right-hand side of (15) is (strictly) larger than the right-hand side of (16) as soon as the diffusion rate a is not constant (this is coherent with the fact that the spreading speeds w * L (±1) are non-decreasing with respect to L in this case, see [33] ). Furthermore, the ratio < √ a > H / √ < a > H ≥ 1 then measures the relative increase of the spreading speeds from a completely homogenized medium to the infinitely slowly oscillating one.
Respective effects of perturbations of the reaction term and the diffusion term on the speed
The above results have further interesting consequences regarding the respective effects of localized perturbations of the reaction and diffusion terms on the spreading speeds. To make the dependence more transparent, let us use the notations k L,a,b,c (λ), w * L,a,b,c (e) and w * ∞,a,b,c (e) (17) for the quantities defined in (8), (9) and (10) . For the sake of simplicity of the presentation, assume that the dimension is N = 1 and that b = 0. Assume that a and c fulfill (5) (6) and c has a positive average (whence min λ∈R k L,a,0,c (λ) > 0 and w * L,a,0,c (±1) > 0 for all L > 0). Then, consider a real number α > 2 and a family of smooth 1-periodic positive functions (ρ ε ) 0<ε<1/2 such that, on each period,
see Fig. 1 .
Consider now the case when the diffusion coefficient is multiplied by the perturbation ρ ε , that is when a is replaced with ρ ε × a: it follows from the maximum principle and Corollary 2.4 together with the monotonicity of the maps L → w * L,ρεa,0,c (±1) (because b = 0), that the upper bound holds
where M a = max R a and M c = max R c. As a consequence,
On the other hand, when the growth rate c is multiplied by the perturbation ρ ε (that is when the nonlinearity f L (x, u) is replaced with ρ ε (x/L) × f L (x, u) in equation (1), where b L = 0, f satisfies (2) and (3) and c denotes c = ∂f ∂s (·, 0)), then the associated spreading speeds satisfy (see [12, 33] ), for all L > 0,
Thus, it follows from (18) that
In short, formulas (19) and (20) show that small perturbations of the diffusion coefficient, in the sense above, can dramatically reduce the spreading speeds whereas similar perturbations of the reaction term have a limited effect.
Large amplitude of the reaction and advection terms
Another consequence of Theorem 2.2 is concerned with the determination of the asymptotic dependence with respect to the drift and reaction terms in the large amplitude case. In particular, consider the one-dimensional symmetric equation
where f : R × [0, +∞) × R is continuous, 1-periodic in x and satisfies (2) and (3) . Assume that c = ∂f ∂s (·, 0) is continuous. If min R a > 0 and M = max R c > 0, then Corollary 2.5 gives an equivalent asymptotics for the spreading speeds w * L,a,0,B c (±1) of the solutions 9 of (21) in the limit of large amplitudes B of the reaction term. Namely, for any L > 0, we have w * L,a,0,B c (±1) ∼ min
a(x) dx for all k ≥ M (notice that the coefficient min λ≥j(M ) j −1 (λ)/λ is necessarily positive). This result improves Theorem 1.3 of [9] in the one-dimensional case.
3 Convergence of the periodic principal eigenvalues as L → +∞
The aim of this section is to prove the existence of the limit of the principal eigenvalues k L (λ), defined in (8), as L → +∞ and to express it explicitly in dimension 1. We shall especially use the Hopf-Cole transformation of the eigenfunctions and the stability theorem for Hamilton-Jacobi equations with small viscosity.
Proposition 3.1 Under assumptions (5) (6) , for all λ ∈ R N , the limit
exists and it is the unique real number k ∞ (λ) such that there exists a continuous 1-periodic viscosity solution Z of the cell problem
Furthermore,
for all λ ∈ R N . Lastly, the function λ → k ∞ (λ) is convex and the convergence k L (λ) → k ∞ (λ) as L → +∞ is locally uniform with respect to λ ∈ R N .
Proof. Let λ be any fixed vector in R N and denote by |λ| its euclidean norm. First, it follows from (6) and (8) that
for all L > 0. Therefore, the family (k L (λ)) L≥1 is bounded. There exist then a real number k ∞ (λ) and a sequence (L n ) n∈N → +∞ such that
For each n ∈ N, let φ Ln,λ ∈ 1≤p<+∞ W 2,p (R N ) be the principal L n -periodic eigenvalue of (8) with L = L n . Up to normalization, one can assume that φ Ln,λ (0) = 1. The function φ Ln,λ is positive in R N . Define
for all x ∈ R N . The 1-periodic function Z n ∈ 1≤p<+∞ W 2,p (R N ) satisfies Z n (0) = 0 and
On the other hand, since the functions φ Ln,λ satisfy (8) with coefficients which are uniformly bounded (since L n → +∞) and fulfill (6) , it follows from the standard interior elliptic estimates that there exists a constant C 1 > 0 such that 
for all n ∈ N and x ∈ R N . Therefore, the fields ∇φ Ln,λ /φ Ln,λ are bounded in L ∞ (R N ) uniformly with respect to n ∈ N. In other words, the sequence ( ∇Z n ∞ ) n∈N is bounded. As Z n is 1-periodic and Z n (0) = 0 for all n ∈ N, the sequence (Z n ) n∈N is then bounded in W 1,∞ (R N ). Ascoli's theorem implies that, up to extraction of a subsequence, the sequence (Z n ) n∈N converges uniformly in R N to a Lipschitz-continuous 1-periodic function Z. The stability theorem for Hamilton-Jacobi equations (see [2, 3] ) gives that Z is a viscosity solution of (22) .
The uniqueness of the real number k ∞ (λ) such that (22) admits a periodic viscosity solution follows from a classical theorem by Lions, Papanicolaou and Varadhan (unpublished manuscript, see also [13] ). As a consequence, the whole family (k L (λ)) L>0 converges to k ∞ (λ) as L → +∞.
By construction, since the function Z is Lipschitz-continuous, it follows from Rademacher's theorem that equation (22) is satisfied almost everywhere in R N . Therefore, (23) holds immediately, since the fields a, b and c are continuous in R N . Lastly, since all functions λ → k L (λ) were convex, the function λ → k ∞ (λ) is convex too, whence continuous. Because of (24) and the convexity of k L , the slopes
are locally bounded, uniformly with respect to L ≥ 1 and ξ ∈ S N −1 . As a consequence, the limit k ∞ (λ) = lim L→+∞ k L (λ) is locally uniform. The proof of Proposition 3.1 is thereby
complete.
An immediate consequence of Proposition 3.1 is the Proof of Proposition 2.1. In addition to (5) (6) , assume here that (7) holds, that is M > 0. It follows from (24) that there exists r > 0 such that
On the other hand, since the convergence
In particular, for any L ≥ L 0 , the infimum over R N of the continuous function k L : λ → k L (λ) is reached and positive.
Let now e be any unit vector of S N −1 . It follows straightforwardly from (25) and (26) that, for any L ≥ L 0 , the quantity w * L (e) defined in (9) is a minimum and is positive.
Lastly, in dimension N = 1, we can now give an explicit expression of the limit k ∞ (λ) for each λ ∈ R, in terms of some integral quantities. be the functions given as in (12) . In dimension 1, there holds, for all λ ∈ R,
Proof. First, let λ ≥ j + (M). Since the function j + is one-to-one and onto from [M, +∞) to [j + (M), +∞), there exists a unique real number k ≥ M such that:
Define, for all x ∈ R,
As k satisfies (28) , the function Z is 1−periodic and belongs to W 1,∞ (R). Moreover, one has
almost everywhere in R and finally Z satisfies (22) . Thus the uniqueness of k ∞ (λ) yields
In particular, there holds
But since the function k ∞ is convex and bounded from below by M (from Proposition 3.1), one concludes that
, which completes the proof of Proposition 3.2.
Proof of Theorems 2.2 and 2.3 and their corollaries
This section is devoted to the proof of the main results announced in Section 2, making use of the propositions and estimates of the previous section. We start with the proof of Theorem 2.2 for the general higher-dimensional case N ≥ 1.
Proof of Theorem 2.2. In addition to (5) (6) , we assume that (7) holds, that is M > 0. Let e ∈ S N −1 be any unit vector of R N . We recall that, for each L > 0, the spreading speed w * L (e) is defined as w * L (e) = inf λ∈R N , λ·e>0
From Proposition 2.1, there exists L 0 > 0 such that k L (0) > 0 and the infimum in the above formula is reached and positive. Let (L n ) n∈N be any sequence such that L n ≥ L 0 for all n ∈ N, and L n → +∞ as n → +∞. For each n ∈ N, let then λ n ∈ R N be such that λ n · e > 0 and w * Ln (e) = k Ln (λ n ) λ n · e > 0.
Taking λ = κ e in (24) for any κ > 0, and using the definition (29), we get w * L (e) ≤ 2 c ∞ max R N (e a e) + L −1 div(a e) ∞ + b ∞ for all L > 0. Therefore, the sequence (w Ln (e)) n∈N is bounded and then converges, up to extraction of a sequence, to a nonnegative real number w * ∞ (e). Next, taking λ = λ n in (24), one gets ν |λ n | 2 − L −1 n div(a λ n ) ∞ − |λ n | b ∞ − c ∞ ≤ k Ln (λ n ) = w * Ln (e)×(λ n · e) ≤ w * Ln (e)×|λ n | for all n ∈ N. Therefore, the sequence (λ n ) n∈N is bounded too and then converges, up to extraction of another sequence, to a vector λ ∞ ∈ R N such that λ ∞ · e ≥ 0. On the other hand, since, from Proposition 3.1, the convergence of the family of functions (k L ) L>0 to the function k ∞ as L → +∞ is locally uniform, it follows that k ∞ (λ ∞ ) = w * ∞ (e) × (λ ∞ · e).
Since k ∞ (λ) ≥ M > 0 for all λ ∈ R N from Proposition 3.1 and assumption (7) , one concludes that w * ∞ (e) and λ ∞ · e are both positive, and
For all λ ∈ R N such that λ · e > 0, one has w * Ln (e) ≤ k Ln (λ) λ · e for all n ∈ N, whence
Finally, the function λ → k ∞ (λ)/(λ · e) reaches its minimum at λ ∞ over the set of λ ∈ R N such that λ · e > 0, and w * ∞ (e) = min
In particular, from the uniqueness of the limit, one concludes that the whole family (w * L (e)) L>0 converges to w * ∞ (e) as L → +∞. The proof of Theorem 2.2 is thereby complete.
The proof of Theorem 2.3 in dimension N = 1 is based on Theorem 2.2 and on the expression of k ∞ (λ) given in Proposition 3.2.
